Some Properties of Tensor Multiplets in Six-Dimensional Supergravity by Riccioni, Fabio & Sagnotti, Augusto
ar
X
iv
:h
ep
-th
/9
71
10
77
v1
  1
1 
N
ov
 1
99
7
1
ROM2F-97/38
hep-th/9711077
Some Properties of Tensor Multiplets
in Six-Dimensional Supergravity
Fabio Riccioni1 and Augusto Sagnotti
Dipartimento di Fisica
Universita` di Roma “Tor Vergata”
I.N.F.N. - Sezione di Roma “Tor Vergata”
Via della Ricerca Scientifica, 1
00133 Roma ITALY
Abstract
We review some results on the complete coupling between tensor and vector multiplets in six-dimensional
(1, 0) supergravity.
Contribution to the Proceedings of the String Duality II Conference, Trieste, ITALY, april 1997
1I.N.F.N. Fellow
2Some Properties of Tensor Multiplets in Six-Dimensional Supergravity
F. Riccioni† and A. Sagnotti
Dipartimento di Fisica, Universita` di Roma “Tor Vergata”
I.N.F.N., Sezione di Roma “Tor Vergata”
Via della Ricerca Scientifica, 1 00133 Roma ITALY
We review some results on the complete coupling between tensor and vector multiplets in six-dimensional (1, 0)
supergravity.
1. Minimal Six-Dimensional Supergravity
with Vector and Tensor Multiplets
In the low-energy supergravity, the Green-
Schwarz mechanism [1] results from couplings
between antisymmetric tensors and vector fields
whose anomalous behavior, for particular choices
of the gauge group, cancels the reducible portion
of the anomaly generated by fermion loops. In
ten dimensions, this restricts the possible non-
abelian groups to two choices, SO(32) or E8×E8,
while the residual, factorized anomaly is disposed
of by the single antisymmetric tensor of the super-
gravity multiplet. On the other hand, in six di-
mensions the irreducible part of the gravitational
anomaly cancels only provided [2]
nH − nV + 29nT = 273 , (1)
where nV , nT and nH are the numbers of vector,
tensor and hypermultiplets, a looser constraint
compatible with a large number of non-abelian
gauge groups. Moreover, in this case one can
naturally build type-I models with variable num-
bers of tensor multiplets [3] as parameter-space
orbifolds (orientifolds) [4] of K3 reductions of
the type-IIB string, where several antisymmet-
ric tensors take part in the anomaly cancella-
tion [5]. The two cases show another marked
difference. While the ten-dimensional Green-
Schwarz coupling, B ∧ (F 4 − R4), is a higher
derivative term not visible in the low-energy la-
grangian, the gauge portion of the corresponding
six-dimensional coupling, B ∧ (F 2 −R2), has siz-
able effects on the low-energy dynamics.
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This talk is devoted to (1, 0) supergravity in six
dimensions coupled to n tensor multiplets and to
vector multiplets. It reflects only in part the lec-
ture presented by one of us (A.S.) at the “String
Duality II” Conference, since it expands the por-
tion of the original discussion devoted to tensor
multiplet couplings in six-dimensional (1, 0) su-
pergravity. For completeness, we are also includ-
ing some new results, that are fully presented in
[6].
The starting point is the coupling of (1, 0) su-
pergravity to n tensor multiplets, originally stud-
ied by Romans [7] to lowest order in the fermi
fields. Nishino and Sezgin [8] considered the cou-
pling to a single tensor multiplet and to vector
and hypermultiplets to all orders in the fermi
fields, and have recently included some higher-
order fermionic couplings in the theory with ten-
sor, vector and hypermultiplets [9]. Here we
complete the field equations and relate them to
Wess-Zumino consistency conditions, in the spirit
of [10], for the case of an arbitrary number of
tensor and vector multiplets. The n scalars
in the tensor multiplets parameterize the coset
space SO(1, n)/SO(n), and are described by the
SO(1, n) matrix [7]
V =
(
vr
xmr
)
. (2)
All spinors are symplectic Majorana-Weyl. In
particular, the tensorini χm are right-handed,
while the gravitino Ψµ and the gaugini λ are left-
handed. The tensor fields Brµν are valued in the
fundamental representation of SO(1, n), and their
field strengths include Chern-Simons 3-forms of
3the vector fields according to
Hr = dBr − crzωz , (3)
where the crz are constants that determine the
gauge part of the residual anomaly polynomial
A =
∑
rs
ηrsc
rxcsytrx(F ∧ F ) try(F ∧ F ) (4)
and z runs over the various factors of the gauge
group [5]. Gauge invariance of Hr then requires
that
δBr = crztrz(ΛdA) . (5)
To lowest order in the fermi fields, the fermionic
equations are [5]
γµνρDνΨρ + vrH
rµνργνΨρ
− i
2
xmr H
rµνργνρχ
m
+
i
2
xmr ∂νv
rγνγµχm
− 1√
2
vrc
rztrz(Fστγ
στγµλ) = 0 , (6)
γµDµχ
m − 1
12
vrH
rµνργµνρχ
m
− i
2
xmr H
rµνργµνΨρ
− i
2
xmr ∂νv
rγµγνΨµ
− i√
2
xmr c
rztrz(Fµνγ
µνλ) = 0 (7)
and
vrc
rzγµDµλ+
1
2
(∂µvr)c
rzγµλ
+
1
2
√
2
vrc
rzFαβγ
µγαβΨµ
+
i
2
√
2
xmr c
rzFµνγ
µνχm
− 1
12
crzHrµνργ
µνρλ = 0 , (8)
while the bosonic equations are
Rµν − 1
2
gµνR + ∂µv
r∂νvr
−1
2
gµν∂αv
r∂αvr −GrsHrµαβHsναβ
+4vrc
rztrz(FαµF
α
ν
−1
4
gµνFαβF
αβ) = 0 , (9)
xmr ∇µ(∂µvr) +
2
3
xmr vsH
r
αβγH
sαβγ
−xmr crztrz(FαβFαβ) = 0 (10)
and
∇µ(vrcrzFµν)− crzGrsHsνρσFρσ = 0 . (11)
Moreover, the tensor fields satisfy (anti)self-
duality conditions, conveniently summarized as
[10]
GrsH
sµνρ =
1
6e
ǫµνραβγHrαβγ , (12)
where Grs = vrvs + x
m
r x
m
s . Under the supersym-
metry transformations
δeµ
a = −i(ǫ¯γaΨµ) ,
δBrµν = iv
rΨ¯[µγν]ǫ +
1
2
xmrχ¯mγµνǫ
−2crztrz(A[µδAν]) ,
δvr = x
m
r χ¯
mǫ ,
δAµ = − i√
2
(ǫ¯γµλ) ,
δΨµ = Dµǫ+
1
4
vrH
r
µνργ
νρǫ ,
δχm =
i
2
xmr ∂αv
rγαǫ +
i
12
xmr H
r
αβγγ
αβγǫ ,
δλ = − 1
2
√
2
Fµνγ
µνǫ , (13)
the fermionic field equations turn into the bosonic
ones, and this proves supersymmetry to lowest
order.
This theory has a gauge anomaly, as one can
see from the divergence of the (non-integrable)
vector equation [10]
∇µJµ =
− 1
2e
ǫµναβγδcrzcz
′
r Fµνtrz′ (FαβFγδ) , (14)
that reproduces the residual covariant anomaly.
An integrable equation,
∇µ(vrcrzFµν)− crzGrsHsνρσFρσ
− 1
8e
ǫνραβγδczrAρc
rz′trz′ (FαβFγδ)
− 1
12e
ǫνραβγδczrFραc
rz′ωz
′
βγδ = 0 , (15)
4defines a gauge current that generates the resid-
ual consistent anomaly. However, the resulting
theory is no longer supersymmetric, but has a
corresponding supersymmetry anomaly [10]
Aǫ = −crzcz
′
r [trz(δǫAA)trz′ (F
2)
− 2trz(δǫAF )ωz
′
3 ] , (16)
determined by the Wess-Zumino consistency con-
ditions [11]. Moreover, one can prove that the
divergence of the gravitino equation yields the su-
persymmetry anomaly.
As usual, the commutators of supersymmetry
transformations close only on-shell on fermi fields.
In order to complete the construction, all first or-
der field equations and the supersymmetry trans-
formations of the fermi fields must be made super-
covariant. It should be appreciated that the for-
mer include the (anti)self-duality conditions (12)
on tensor fields [12]. The complete theory can
then be constructed imposing closure of the al-
gebra on the fermi fields. This requires a long
and tedious calculation, with the end result that
the algebra closes on-shell in the expected fash-
ion on all fermi fields, with the notable exception
of the gaugini. Indeed, in this case the algebra
generates all the local symmetries and the field
equation, together with an additional term
[δ1, δ2]extraλ =
c · c′
v · c trz′ [−
1
4
(ǫ¯1γαλ
′)(ǫ¯2γβλ
′)γαβλ
+
1
4
(λ¯γαλ
′)(ǫ¯1γ
αλ′)ǫ2 − (1↔ 2)
+
1
16
(ǫ¯1γ
αǫ2)(λ¯
′γαβγλ
′)γβγλ] . (17)
We will return in the next Section to the crucial
role of this charge.
From the complete fermionic equations, one
can deduce a lagrangian that generates them, and
finally derive from it the complete bosonic equa-
tions. The lagrangian is
e−1L = −1
4
R− 1
2
vrc
rztrz(FαβF
αβ)
+
1
12
GrsH
rµνρHsµνρ −
1
4
∂µv
r∂µvr
− 1
8e
ǫµναβγδczrB
r
µνtrz(FαβFγδ)
− i
2
Ψ¯µγ
µνρDνΨρ − i
2
vrH
rµνρ(Ψ¯µγνΨρ)
+
i
2
χ¯mγµDµχ
m − i
24
vrH
r
µνρ(χ¯
mγµνρχm)
+
1
2
xmr ∂νv
r(Ψ¯µγ
νγµχm)
−1
2
xmr H
rµνρ(Ψ¯µγνρχ
m)
+
i√
2
Ψ¯µγ
σδγµvrc
rztrz [Fσδλ]
+
1√
2
xmr c
rztrz(χ¯
mγµνλFµν )
+ivrc
rztrz(λ¯γ
µDµλ)
+
i
12
xmr x
m
s H
r
µνρc
sztrz(λ¯γ
µνρλ) , (18)
up to terms quartic in the fermions that we have
omitted for simplicity. Actually, this is not quite
the proper lagrangian of the theory, that would
involve some peculiar couplings of the antisym-
metric tensors, following the original proposal of
Pasti, Sorokin and Tonin [13], necessary to en-
force their (anti)self-duality conditions. However,
using these only after varying, eq. (18) yields
the proper equations of all fields aside from the
antisymmetric tensors. Moreover, varying with
respect to the antisymmetric tensors yields their
second-order equations, namely the divergence of
the (anti)self-duality conditions of eq. (12). The
vector equation is not covariant already to lowest
order, but all terms of higher order in the fermi
fields do not affect the gauge anomaly.
It is now straightforward to study the effect of
supersymmetry transformations, and one obtains
δB(eq. B) + δF (eq. F ) = Aǫ , (19)
where F and B denote collectively the fermi and
bose fields, aside from the antisymmetric tensors.
Moreover, in eq. (19) one has to impose the
complete (anti)self-duality conditions on the 3-
form field strengths. The complete supersymme-
try anomalyAǫ that solves the Wess-Zumino con-
sistency conditions comprises eq. (16), together
with the additional terms
∆Aǫ =
ec · c′tr{ i
2
δǫAµFνρ(λ¯
′γµνρλ′)
5+
i
2
δǫAµ(λ¯γ
µνρλ′)F ′νρ
+iδeAµ(λ¯γνλ
′)F ′µν
+
1
32
δǫeµ
a(λ¯γµαβλ)(λ¯′γaαβλ
′)
− 1
2
√
2
δǫAα(λ¯γ
αγβγγλ′)(λ¯′γβΨγ)
+
xms c
sz′
vtctz
′
[− 3i
2
√
2
δǫAα(λ¯γ
αλ′)(λ¯′χm)
− i
4
√
2
δǫAα(λ¯γ
αβγλ′)(λ¯′γβγχ
m)
− i
2
√
2
δǫAα(λ¯γβλ
′)(λ¯′γαβχm)]} . (20)
In general, the anomaly is defined up to the
variation of a local functional. In our case, this
reflects the freedom of adding to the lagrangian
the term
Lλ4 = e
α
2
czrc
rz′trz,z′ [(λ¯γ
αλ′)(λ¯γαλ
′)] , (21)
that modifies the supersymmetry anomaly ac-
cording to
∆′Aǫ = δǫLλ4 . (22)
This term affects the field equation of the gaug-
ino, and thus the commutator of eq. (17) has
to be reconsidered in order to accommodate this
modification. As a result, after using the mod-
ified field equation, one is left with the residual
term
[δ1, δ2]extraλ =
c · c′
v · c trz′ [−
1
4
(ǫ¯1γαλ
′)(ǫ¯2γβλ
′)γαβλ
−α
2
(λ¯γαλ
′)(ǫ¯1γβλ
′)γαβǫ2
+
α
16
(λ¯γαβγλ
′)(ǫ¯1γ
γλ′)γαβǫ2
+
α
16
(λ¯γγλ
′)(ǫ¯1γ
αβγλ′)γαβǫ2
+
1− α
4
(λ¯γαλ
′)(ǫ¯1γ
αλ′)ǫ2 − (1↔ 2)
+
1− α
16
(ǫ¯1γ
αǫ2)(λ¯
′γαβγλ
′)γβγλ] . (23)
As we will see in the next section, the presence of
this 2-cocycle is strictly correlated to the presence
of the anomaly, and indeed one can not eliminate
it, as befits a theory that has a built-in anomaly
for every value of α. Finally, one may show that
the divergence of the complete gravitino equation
is proportional to the complete supersymmetry
anomaly.
2. Comments on Gauge and Supersymme-
try Anomalies
If a supersymmetric Yang-Mills theory formu-
lated in the Wess-Zumino gauge has a gauge
anomaly, it must also have a supersymmetry
anomaly, on account of the Wess-Zumino consis-
tency conditions
δǫAΛ = δΛAǫ ,
δǫ1Aǫ2 − δǫ2Aǫ1 = AΛ˜ , (24)
where Λ˜ denotes the gauge parameter generated
by the commutator of two supersymmetry trans-
formations. The simplest example is provided by
the globally supersymmetric Yang-Mills theory
in four dimensions. From the four-dimensional
gauge anomaly
A4Λ = tr[Λ(dA)2 +
i
2
gdΛA3] , (25)
and from eqs. (24), one can determine the form of
the corresponding supersymmetry anomaly [14].
In particular, from the first of eqs. (24) one ob-
tains
A4ǫ = tr[δǫAA(dA)+δǫA(dA)A−
3ig
2
δǫAA
3] .(26)
This satisfies the second of eqs. (24) if augmented
by the gauge-invariant term
∆A4ǫ = −
i
2
tr[δǫAλ¯γ
(3)λ+ λ¯δǫAγ
(3)λ] , (27)
where γ(3) = γµνρdx
µ ∧ dxν ∧ dxρ, λ is a right-
handed Weyl spinor and
δAµ =
i√
2
(ǫ¯γµλ− λ¯γµǫ) ,
δλ =
1
2
√
2
Fµνγ
µνǫ . (28)
Although the algebra closes only on the field
equation of λ, in four dimensions it is not possible
6to generate from eqs. (24) a term proportional to
γµDµλ, and thus the Wess-Zumino consistency
conditions close also off-shell. This was originally
observed in [14].
On the other hand, in six dimensions, starting
from the residual gauge anomaly
A6Λ = −crzcz
′
r trz(ΛdA)trz′ (F
2) , (29)
the first of eqs. (24) implies a corresponding su-
persymmetry anomaly
A6ǫ = −crzcz
′
r [trz(δǫAA)trz′ (F
2)
− 2trz(δǫAF )ωz
′
3 ] , (30)
that has to be augmented by the gauge-invariant
terms
∆Aǫ = Aczrcrz
′
trz [δǫAµFνρ]trz′ [λ¯
′γµνρλ′]
+Bczrc
rz′trz[δǫAµλ¯]γ
µνρtrz′ [λ
′F ′νρ]
+Cczrc
rz′trz [δǫAµλ¯]γνtrz′ [λ
′F ′µν ] , (31)
with coefficients satisfying the relations
A+B = i , C = 4A− 2B . (32)
As pointed out in the previous Section, these
leave one undetermined parameter, in agreement
with the fact that the anomaly is defined up to
the variation of a local functional. Indeed, the
variation
δ[(λ¯γαλ′)(λ¯γαλ
′)] (33)
yields the sum in eq. (31) with A + B = 0 and
C = 4A− 2B, so that adding it to Aǫ effectively
does not affect eqs. (32). The main result, antic-
ipated in [14], is that in six dimensions the last of
eqs. (24) generates terms containing one deriva-
tive and four gaugini, that cancel only using the
Dirac equation γµDµλ = 0. To reiterate, in six
dimensions the Wess-Zumino consistency condi-
tions for an anomalous Yang-Mills theory close
only on shell.
The freedom of adding to the anomaly a
δλ4 term is another, related feature of the six-
dimensional case that we would like to stress. In-
deed, one can easily observe that in D dimen-
sions the effective weight3 of the supersymmetry
3As usual in supersymmetric theories, this is 1 for deriva-
tives, 1/2 for fermi fields, and 0 for bose fields.
anomaly is (D−1)/2, while that of the supersym-
metry variation in (33) is 5/2. Therefore, the un-
determined λ4 contribution is present only in six
dimensions. Moreover, in all cases the breaking of
supersymmetry affects the algebra on the gaug-
ino, that as usual closes only on the field equation.
All this has direct implications for six dimen-
sional (1, 0) supergravity. In this case, the Wess-
Zumino conditions include additional contribu-
tions, and become
δǫAΛ = δΛAǫ ,
δǫ1Aǫ2 − δǫ2Aǫ1 = Aǫ˜ +AΛ˜ . (34)
Again, they are only satisfied on-shell and, more
precisely, if α = 0 one obtains
(δǫ1Aǫ2 − δǫ2Aǫ1)extra =
c · c′tr{1
8
(ǫ¯1γσǫ2)(λ¯γµλ
′)(λ¯γµγσ[eq.λ′]α=0)
− 1
16
[ǫ¯1γσδτ ǫ2]i{[λ¯γτλ′]i(λ¯γσδ[eq.λ′]α=0)
+[λ¯γτλ]i(λ¯
′γσδ[eq.λ′]α=0)}} , (35)
where the terms within square brackets are
fermionic bilinears with a non-trivial symplectic
structure defined by the relation
[χ¯Ψ]i = σia
bχ¯bΨ
a . (36)
Still, the identity
c · c′tr{e
8
(ǫ¯1γσǫ2)(λ¯γµλ
′)(λ¯γµγσ[eq.λ′]α)
− e
16
[ǫ¯1γσδτ ǫ2]i{[λ¯γτλ′]i(λ¯γσδ[eq.λ′]α)
+[λ¯γτλ]i(λ¯
′γσδ[eq.λ′]α)}} =
c · c′tr{e
8
(ǫ¯1γσǫ2)(λ¯γµλ
′)(λ¯γµγσ[eq.λ′]α=0)
− e
16
[ǫ¯1γσδτ ǫ2]i{[λ¯γτλ′]i(λ¯γσδ[eq.λ′]α=0)
+[λ¯γτλ]i(λ¯
′γσδ[eq.λ′]α=0)}}
+
eα
8
czrc
rz′cz
′
s c
sz′′
vtctz
′
trz,z′,z′′ [ǫ¯1γ
µνρǫ2]i[λ¯γµλ]i ·
[λ¯′γνλ
′]j [λ¯
′′γρλ
′′]j (37)
implies that the last term should somehow be gen-
erated in the anomaly, if the Wess-Zumino condi-
tion is to close for any value of α. In the presence
of Lλ4 , however, the anomaly is modified by eq.
7(22). Using the field equation of the gaugini for
arbitrary α, the last of eqs. (24) on this term
yields,
[δǫ1 , δǫ2 ]Lλ4 = δǫ˜Lλ4 + δαLλ4 , (38)
where δα is the transformation defined in eq. (23).
The end result is that this transformation exactly
equals the last term in eq. (37), and thus one can
understand the rationale behind the occurrence
of the 2-cocycle in the algebra on the gaugini: it
lets the Wess-Zumino conditions close precisely
on the field equations determined by the algebra.
Since the Wess-Zumino conditions need only the
equation of the gaugini, only these fields sense the
additional transformation.
To summarize, in six dimensions the Green-
Schwarz mechanism exhibits some relevant nov-
elties, since the Green-Schwarz term is in this
case B ∧ F ∧ F . Although generated by a one
loop contribution from the string viewpoint, in
the low-energy supergravity this introduces tree-
level anomalies that are compensated by fermion
loops. This fact has important consequences for
the low-energy couplings, that play a central role
in perturbative six-dimensional type-I vacua and
in recent discussions of string duality [15], some
of which we have tried to elucidate.
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